CONTINUITY AND

. DIFFERENTIABILITY

BASIC CONCEPTS

1. Continuity and Discontinuity of a Function at a Point: A function f(x) is said to be continuous at a
point a of its domain if

hmf x), llmf (x), f(a) exist and lim f(x) = Lim f(x) = f(a)

- +
I—*I‘-i! Xl X—i

A function f(x) is said to be disconlinuous at x = g if it is not continuous at x =a.
2. Properties of Continuous Function:
® Every constant function is continuous function.

® Every polynomial function is continuous function.

@ Identit}? function is continuous function.

) Every Ingari thmic and expﬂnential function is a continuous function.

List of Useful Formulae:

3. (i) (‘r”) = ny"~1 (if) ;i (ax +b)' =n(ax+h)" " .a
. B pm . o A
(7i1) (E’ )=¢ (iv) 12 C A€
X - da bx bx
(v) —a =a".log, a (vi) P ba™ log a
1 d a
(vii) lt}g xX=— and Elﬂgf 71 s
d 1 d b
iy | = d ——log bx =
APy dx 0Bat Ty log, a an dx Ba x.log a
~ d d
4. (i) Ebmx = COSX and Esmax = (.COS aX
d
(i1) —cosx = —sinx and 2 COSax = —a sinax
(iif) %mnr = sec?x and ;Ttanax = asec’ax
(i) —cc:}n = —cosec’x and Ecata:r = —qcosec”ax
d
() —bECI = secxtanx and . secax = asecax. tanax
(v1) —casecx = —cosecxcotx and d;imqec ax = —acosecax.cotax
. d -1 1 d -1
5. (i) ——sin 'x — and  ——sin ux —
ax | dx J1-a%x
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w0 E - d F —
(i) —cos ' x = 1 and ——cos tax= H
(111) it::,m b ] - and itaﬂ b = ﬂ,} >
dx Ty dx Tuty
; d —1 —1 d | —id
' = COk "X d ——cot ax=
(iv) S cotx — an 7 cotax P
(v) isec'lx = . and isec'l ax = 1
dx x/x% -1 dx xvalx? -1
N A 1 -1 d 1 —1
(vi) ——cosec x = and ——cosec ax =
ax Wil —1 dx waty? -1
5. Chain Rule: Chain rule is applied when the given function is the function of function i.e.,
" J T— B 1 ﬂ Ay gy d_V Ay duy do
it y is a function of x, then —==—"-—"= or —==—".—".—

6. Parametric Form: Sometimes we come across the function when both x and y are expressed in

terms of another variable say t i.e., x = ¢(f) and y = y(?). This form of a function is called parametric
form and t is called the parameter.

7. Rolle’s Theorem: If f(x) be a real valued function, defined in a closed interval [a, b] such that:
(i) it is continuous in closed interval [a, b].
(71) it is differentiable in open interval (a, b).
(7i7) f(a) = f(b). Then there exists at least one value ¢ € (g, b) such that f'(c) = 0.

8. Lagrange’s Mean Value Theorem:
If f(x) is a real valued function defined in the closed interval [a, b] such that:
(1) it is continuous in the closed interval [a, b].

(i) it is differentiable in the open interval (a, b).

f0)- f(a)
Then there exists at least one real value ¢ € (a, b) such that f'(¢) = b-a)
9. Some Standard Results:
() @ lim—=——=na""'a>0,n€Q
X—=a ~
x"=a"  om
b) lim =—a" " mne
) lim’ == Q
SIN X
¢) lim =1 d) lim cosx =1
(c) Lim= ()xw
(€) lim 22X
Y —10 |

(/7)) Evaluation of limils of inverse trigonometric functions:

§ g o
SIN X tan X
a) lim =1 b) Iim =1
(a) A= (b) i
i11) Evaluation of Iimits of exponential and loearithmic functions:
P ¥
~ -1
2) lime* =1 b lim ——=1
(@) x—0 (0) v—p A
g | 14z | (1t =d1
(c) lim 7 =1 (d) Iim 5 =1
x—0 x—0
. oo =1 _
(e) }[111}} T log, a
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(iv) Limits at intinity: This method is applied when x — oc.

Procedure to solve the infinite limits:
(a) Write the given expression in the form of rational function.

(b) Divide the numerator and denominator by highest power of x.

1

(c) Use the result lim — =0, where n > 0.
x—o¢ X

(d) Simplify and get the required result.

MULTIPLE CHOICE QUESTIONS

Choose and write the correct option in the following questions.

1. The functionf: R - Rgivenby f(x) =- |x-1] is |CBSE 2020 (65/2/1)]
(a) continuous as well as differentiable at x =1
(b) not continuous but differentiable at x = 1
(c) continuous but not differentiable at x =1
(d) neither continuous nor differentiable atx = 1

2. The function f(x) =¢"' is [NCERT Exemplar]
(a) continuous everywhere but not differentiable at x = 0
(b) conlinuous and differentiable everywhere
(¢) notcontinuousatx =20

(d) none of these

3. The function f(x) = [x], where |x] denotes the greatest integer function, is continuous at

(a) 4 (b) -2 (c) 1 (d) 1.5
4. The number of points at which the function fix) = 5 _1[ = is not continuous is
- |NCERT Exemplar]
(a) 1 (b) 2 (c) 3 (d) none of these
_ i L +cosxy, 1fx#0 i _
5. The function f(x) =7 * is continuous at x = 0, then the value of k is
k , 1fx=0
[INCLRT Lxemplar]
(a) 3 (b) 2 (c) 1 (d) 1.5
Fainl if x #0
6. The value of k which makes the function defined by f(x) = x’ 4 , continuous at x
=i k, ifx=0
(a) 8 (b) 1 (c) -1 (d) none of these
7. The function f(x) = cot x is discontinuous on the set |NCERT Exemplar]
(a) {x=nmn:neZ (b) {x=2nmn:ne Z}
(© {x = 2+ 1) z} (d) {x -1, e z}
8. Let f(x) =|sinx|. Then INCERT Exemplar]

(a) fis everywhere differentiable
(D) fis everywhere continuos but not differentiable atx =nn, n € Z
(¢) fiseverywhere continuous but not differentiable at x = (2n + 1)% ,ne’z

(d) none of these
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x-1

9. The function f(x) = 1 is discontinuous at [CBSE 2020 (65/2/2)]
| x{x* -1
() exactly one point (b) exactly two points
(c) exactly three points (d) no point
§ o . W
10. If f(x) = x?sin = where x # 0, then the value of the function f at x =0, so that the function is
continuous at x =0, is [INCERT Exemplarl]
(a) O (b) -1 (c) 1 (d) None of these
11. The function f(x) = |x| + |x-1] is
(a) continuous atx =0as wellasat x=1. () continuous at x =1 butnotat x =0.

(c¢) discontinuousatx=0aswellasatx=1. (d) continuous at x =0 butnotatx =1.

. 4-x"
12. The function f(x) = PR
(a) discontinuous at only one point (b) discontinuous at exactly two points
(c) discontinuous at exactly three points (d) none of these

13. The set of points where the functions f given by f (x) = | x -3 | cos x is differentiable is
(a) R (b) R —{3} (c) (0, x) (d) none of these

14. Differential coefficient of sec (tan"'v) w.r.t. vis |NCERT Exemplar]

(a) ﬁ ) = (c) xy/1+x2 (d) \/11—;{2

2x ' 2X du
— —— du
15. If u# =sin (1+x2) and v = tan (]_xg),thﬂﬂ Ty 18
1 1-x2
@ 7 OF © T la e @1
— dy 7
16. If y =logvtanx, then the value of - at x = is
1 |
@) 0 (®) 1 © 5 (@) o
(= Jsinst g, then 42
17. If y=,/sinx+y, then e 18 equal to
COS X COS X sin x sin x
(@) D] (D) 1-2y (c) 1-2y (d) 2y —1
18. The function f(x) = |x| + |x-2] is
(a) differentiable atx =0 and atx =2 (b) differentiable at x = 0 but not at x = 2.
(c) not differentiable at x =0 and at x = 2. (d) none of these

19. The function given by f(x) = tan x is discontinuous on the set

(@) x:x=2nn,ne 2} b) x:x=n-1)n,ne s}
(c) {x:x=nmn,neZ} (d) {x:x=(2n+1)%,n€2}
20. The derivative of tan x w.r.t. sin x is
9 1 | fan x 3
(a) tan“x (b) sec x (¢) in X (d) sec™x

2 — f—
21. The function f(x) = ~ rj3 -

f(3) should be defined as
(a) 1 (b) 3 (c) 5 (d) none of these

is not defined for x = 3. In order to make f(x) continuous at x =3,
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22. If f(x)=x-3and g(x) =

+1, then which of the following can be a discontinuous function?

3
g(x)
(@) flx) +g(x) (D) H(x) . g(x) (c) flx)—g(x) (d) )
23. The set of points where the function f given by |3x — 2| sin x is differentiable is
(a) R (b) (0, <) (¢c) R- |%} (d) none of these

coslxl, x=0 _
al where [x] denotes the greatest integer = x. If lim f(x) exists then a

1s equal to
(a) 1 (b) 3 (c) O (d) none of these
xlx-1], 0<x«<?2
[x](x-1), 2<x<3

(a) f(x)is continuous everywhere.

where [x] denotes the greatest integer < x then

25. Let f(x) ={

(b) f(x)is not continuous atx =1 and x = 2
(c) f(x)is not differentiable at infinite points

(d) none of these

26. f:[-2a,2a]l— R is an odd function such that the left hand derivative at

x =a is zero and f(x) = f(2a — x)V x € (a, 2a). Then its left hand derivative at x = —-a is
(a) O (D) a (c) 1 (d) does not exist.

27. The function f(x) = |x-3|,x €R is
(a) is continuous and differentiable everywhere.
(b) is nol conlinuous bul differentiable at x =3

(¢) is continuous but not differentiable at x =3

(d) none of these
28. If f(x)=x", then the value of

f () P £ 5ra " D" 1)
f(1)- T T T - 1S
(a) 1 (b) O (c) 2" (d) 2
it toco dy
29, If x=¢""°¢ , x>0, then —is
dx
1 X 1—-x )
(a) < (b) T g (c) . (d) none of these
1-tan x 7T T , . _ L LT
30. Let f(x)= re—— 5&?, x €10, E} If f(x) is continuous in [D, g ], then f( " ) is
@ ~+ ®) -~ © 1 (@) -1

31. The value of p and g for which the function

'sin (p + 1) x +sin x
Y X 21
flx) =1 . T +X=0 js continuous for all x¥ € R, are
Vx+xt —yx ;X >0
| 32
1 3 | & F 3 1 |
(a) P=5075 (D) P=5077% (c) P=-54775 (d) none of these
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sin—, 1fx#0

32. The function f(x) = X at x =0
0, ifx=0
(a) is continuous. (b) has removable discontinuity.
(c) hasjump discontinuity. (d) has oscillating discontinuity.
_ 2-x, 1fx<2
33. The function f(x) = {2 fx ifx>2 aty="?
(a) is continuous. (b) has removable discontinuity.
(c) hasjump discontinuity. (d) has oscillating discontinuity.
: Bmx+cnsx, if x#0
34. The function f(x) =7 «x at x=0
h ' ) ifx=0
(a) is continuous. (b) has removable discontinuity.
(¢) hasjump discontinuity. (d) has oscillating discontinuity.

35. If f(lx) =|x|+|x-2] then
(a) f(x)is continuous at x = 0 but not at x = 2.
(b) f(x)is continuous at x =0 and atx =2.

(¢) f(x)is continuous at x =2 but not at x = 0.
(d) None of these.

36. The function f(x) = — i ¥

(a) is continuous (b) has removable discontinuity.

(¢) hasjump discontinuity. (d) has asymptotic discontinuity.
37. The vertical asymptotes to curve y = E—: is

(g} =1 (b) x=0

(c) x=2 (d) Curve has no any asymptotes.
38. An oblique asymptote to the curve y=x + ¢~ sin x is

(@ y=x+e (b) y=x (£} ¥=w +% (d) none of these
39. The function f(x) = e X’ —— at v = 0 is continuous if

0, ifx=0
(@) m=0 (b) m>0 (c) m<O (d) none of these
- 1-cos10x
v ' if x<0
40. The function f(x) =- T’& iIf x =0 is continuous at x = 0, if the value of m is
v X if x>0
/625 +/x — 25

(a) 25 (b) 50 (c) 25 (d) none of these
41. The set of all points where f(x) = sec 2x + cosec 2x is discontinuous is

(2) Antin =0, 152 veamunnanaia) (b) {%:n=0,il,i2, .................... }

() {(2”11)“;;:—0;11,1:2, .................... } () {%;n‘=ﬂ,i1,i2,, .................... }
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42. 1If f(x) = x”, then the value of

7 3 n
f(1) + fﬂ) + f;!n 5 fg('l) . fﬂ('“, where (1)
is the ' derivative of f(_r) w.r.t. x.
(a) 1 (D) n (c) 2" (d) none of these

43. If f(x), g(x), li(x) are polynomials in x of degree 2 and
J() g  hx)
Fix)=|f(x) g () h ()] then F'(x) is equal to
f'(x) ¢g& h K
(a) -1 (b) 2 (c) O (d) none of lhese

?'c —
44. The derivative of f(tan x) w.r.t. g(sec x) at x = 1 where f'(1)=g¢'(y/2)=4 is

- 1
a) V2 b —— c) 1 d) none of these
(@) (D) 7 (c) ()
45. If g is inverse function of fand f'(x) = sin x, then ¢'(x) is
(a) sin (g(x)) () sin”" x (¢) 1 1 5 (d) cosec (3(x))
- X

v\ "
46. If y = (-;) (1 + lug;), y'(n) is given by

2 N7 1 2
n-+1 1 1 1 n-+1
() » (b) 1 (€) (?‘I) (@) (H)(, " )
47. If f(x) =log Jtan x, then the value of f(x)atx= % is
1
(@) o ) 1 © 0 @) =
48. Let y be a function of x such that log (x + y) - 2xy = 0, then ' (0) is
1 3
@) © )1 © 5 @) -
49. Ifxcosy + ycosx =7 then y"(0)is
(@) m (b) —m (c) O (d) 1
¥’ sinx cosx
50. Let f(x)=|6 -1 0 |, where p is constant, then find f” (0).
p P
(2) p (b) 0 ©p+p @ p+p*
51. If y = (3“4) 4 £ G)=tan 2 then—i 1t
. y=f e and f’(x) = tan x° then 7y 1sequal to
2
3x + 4 1 5
(a) —2tan(5x+6) x(5x+6)2 (b) tan x
3tanx’+4 _
(¢) a }:2 (d) none of these
Stanx“+6

52. The set of all points where the function f(x) = x| x| is differentiable is

(@) (= oc, o) (D) (=00, 0)U(0, ) (c) (0, ) (d) [0, o0)
53. Let flx) = cos '(cosx) then flx) is

(a) continuous at x = n and not differentiable at x = «.

(b) continuous atx =-m=
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(c) differentiable atx =0

(d) differentiable atx =n
54. Tetflx) = x- | v| then flx) is

(a) differentiable ¥V x € R

(b) continuous ¥ x € R and not differentiable at x = 0

(¢) neither continuous nor differentiable atx =0

(d) discontinuous at x =0
-1 -2<x<0

’
2

x° =1, Dy =2

then the number of points at which g(x) is non-differentiable is

55. Let f(x)= { and g(v) = |f(x) |+ f(]x]|)

(a) at most one point (b) two (c) exactly one point (d) infinite
56. Let f(x) be differentiable function such that

j‘( x+y ):f(x)+f(y)‘v’xandy.

A =Xy
. fx) 1
If lim "fT =3 then f(1) is equal to
X+
T T T
(a) a (b) T (c) 5 (d) None of these
(1-3x, x<0
57. Let f(x)=1 3, Xx=0 thenatx=0
L.rz + 3, x>0
() f(x) is continuous from left (b) f(x) is continuous
(c) f(x)is right continuous (d) f(x) has removable discontinuity

58. Let f(x) = |sinx|; 0 < x <27 then

(a) f(x) is differentiable function at infinite number of points
(b) f(x)is non-differentiable at 3 points and continuous everywhere.
(c) f(x)is discontinuous everywhere

)
(d) f(x)is discontinuous at 3 points

1
T - ? .
50. LEi‘f(.‘:) — tan(~4—+1) ; x#0
. , x=0
then the value of k such that f(x) holds continuity at x =0 is
1
(a) e b = (c) ¢’ (d) None of these
e
60. Let f(x) = x*|x| then the set of values, where f(x) is three times differentiable, is
(a) Infinite (b) 2 (c) 3 (d) None of these
=iy -3=<x<0

61. Let f(x) ={ and g(x) = |f(x) | +f(|x|) then which of the following is true?

d
X" =3 0<x=<3

(a) Atx =0, g(x) is continuous as well as differentiable and at x = V3, <(x) is continuous but not
differentiable.

(b) Atx= /3, 2(x) is neither continuous nor differentiable
(c) Atx =2, g(x) is neither continuous nor differentiable
(d) None of these
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62. Let f(x)=x"?- Vx®+x? then

(a) LHD atx =0 exists but RHD at x = 0 does not exists
(b) f(x)is differentiable at x =0

(¢) RHD at x = 0 exists but LHD at x = 0 does not exists
(d) None of these

1
63. Number of points at which f(x) = is discontinuous is

log | x|
(a) 2 (b) 3 (c) 1 (d) 4
in 47 [7°x]
7 +1x]*

(a) continuous for all x but f'(x) does not exist

64. If f(x)= -

,[*] denotes the greatest integer function, then f(x) is

(b) discontinuous at some x
(c) f'(x) exists for all x

(d) f(x) exists but f/(x) does not exist for some value of x.

[ gin’ x”
; = .
65. The function f(x)=7 X is
0 x=0

(2) continuous but not derivable at x =0
(b) neither continuous nor differentiable at x =0
(¢) continuous and differentiable at x =0

(d) none of these
2

afl+x"
66. Letf(.r) = sin 1( 5 2 ) then f(x) is
.3 :l'

(a) differentiable at x =1
(b) continuous ¥V x € R
(c) neither continuous nor differentiable atx =1

(d) continuous but not differentiable at x = 1

X, $<]
67. Let f(x)=12-1x%, 1=x=2 then flx) is
243x-x", x»2
(a) differentiable atx =1 (b) differentiable at x =2
(c) differentiable atx=1and x=2 (d) none of these

68. Let f(x) = |log |x||then
(a) f(x)is continuous in its domain but not differentiable at x ==+ 1
(b) f(x)is continuous and differentiable for all x in its domain

(¢) f(x)is neither continuous nor differentiable at x =+ 1

(d) all of these

-
2™, x<(

=, =0

69. Let ¢(x)= then g(x) does not satisfy the condition

(a) continuous V x € R
(b) not differentiable at x =0
(c) continuous V x € IR and non differentiable at x =+ 1

(d) none of these
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70. Let fix) = [xI> + v/{x}, where [.] and {.} respectively denotes the greatest integer and fractional
part functions, then

(a) f(x)is continuous at all integral points
(b) f(x)is non differentiable V x € Z

() f(x)is discontinuous Vx € Z - {1}
(d) f(x)is continuous and differentiable at x =0
71. Find the value of a if the function f(x) defined by

2v-1, x<2
fx)=17 a, X =2 is continuous at x = 2.
I X¥]), X2
(a) 3 (0) -3 (c) O (d) 4

72. If the function f(x) defined by

#lug(l +ax)-log(1-bx)  ifx+#0

f(x) =+ X is continuous at x =0, find k.
h k , 1x=0

(a) a (b) b (c)a+b (d) 0

73. If function f(x) =e" =] js
(a) continuous everywhere but not differentiable at x =0

(b) continuous and differentiable everywhere
(c) not continuous atx =0

(d) None of these.

74. IfxY=e* Y find —.
dx
log x : loox
(a) sl (h) — (c) e (d) None of these
(1 + log x)? logx (1-logx)
dy

75. If x¥ =47, find E

y [ xlogy—y
(a) xlog x (b) —. : ) (c) O (d) None of these
Y \ylog x—x
I . T T | . dy
76. If y=+ysinx+ \/sm x +4/8in x +... oo, find L
COS X COS X
(a) 27+ 1 (b) 2y -1 (c) O (c) None of these
TR i d
77. If x = \/ﬂ“" lf, Iy = ffﬂ':“ﬁ lt, a>0and -1 <t <1, then EE s :
Y 1% —
(a) o (D) 5 (c) T (d) None of these
. af1+2x / 2
78. Derivative of tan T oy ) w.r.tv1+4x
1 i 1 1 1
(2) (D) (c) (4)
Zx\/1+4x2 1+ x° 4:c\/1 +2x° Zx\/l-éxz
x+a® ab ac
79. If f(x) =|ab x+b* bc |, find f'(x).
ac bc x + c*
(a) 3x°=2x (2 + b” + ¢ (b) 3x” + 2x (a* +b° +c°)
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(c) O

2

(d) None of these

the height of the pot.

A potter made a mud vessel, where the shape of the pot
isbasedon f(x) = |x=3| + | x=2|, where f(x) represents

80. If y=x find ‘i 1; ;

(a) =™ {(] + li)gx)ﬂ - IT} (b) ff;(l + logx )‘2 + lT}

(c) O (dj ¥*1(1-logx} + IT}

. h :
81. Find fhgf if x = at’, y = 2at.
~1 1 -1

@ ) 2 €) @

82. Determine the value of the constant k so that the function
3 D 1
(@) 5 () 7 ©) 5 (d) 0
Answers
1. (¢) 2. (a) 3. (d) 4. (d) 5. (b) 6. (d)
7. (a) 8. (b) 9. (¢) 10. (a) 11. (a) 12. (¢)
13. (D) 14. (a) 15. (d) 16. () 17. (a) 18. (c)
19. (d) 20. (d) 21. (c) 22. (d) 23. (c) 24. (a)
25. (D) 26. (a) 27. (c) 28. (D) 29. (c) 30. (b)
31. () 32. (d) 33. (c) 34. (b) 35. (b) 36. (d)
37. (D) 38. (b) 39. (b) 40. (b) 41. (d) 42. (c)
43. (c) 44. (a) 45. (d) 46. (a) 47. (b) 48. (b)
49. (a) 50. (D) 51. (a) 52. (a) 53. (a) 54. (b)
55. (c) 56. (D) 57. (c) 58. () 59. (c) 60. (2)
61. (a) 62. (¢) 63. (b) 64. (¢) 65. (¢) 66. (¢)
67. (b) 68. (a) 69. (¢) 70. (¢) 71. (a) 72. (¢)
73. (a) 74. (a) 75. (b) 76. (b) 77. (c) 78. (a)
79. (D) 80. () 81. (a) 82. ()
CASE-BASED QUESTIONS
Choose the correct option in the following questions.
1. Read the following and answer any four questions from (i) to (v).
2 ‘*a--...*"'_h'l-’

Answer the questions given below.

(/) When x >4 What will be the height in terms of x ?

(@) x=2

132

(b)x-3
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(/i) WIill the slope vary with x value?

(2) Yes (b) No
(c) may or may not vary(d)  none of these

(7i]) What is ﬂ atx=3

dx

(@) 2 (b) =2
(c) Function is not differentiable (d) 1

(iv) When the x value lies between (2, 3) then the function is
(a) 2x-5 (b) 5 -2x (c) 1 (d) 5

() 1f the potter is trying to make a pot using the function f(x) = [x] , will he get a pot or not?

Why?

(a) Yes, because it is a continuous function
(D) Yes, because it 1s not continuous
(c) No, because it is a continuous function

(d) No, because it is not continuous

Sol. (i) Wehave, flx)= |x-3| + |x-2]
When x >4
fx)=(x-3)+(x-2)=2x-5
Option (c) is correct.
(i1) Yes, because when 2 < x < 3, we have
fx)=—(x-3)+(x-2)=1
=  Slope =f(x)=0
but when x > 3, we have
f(x)=x-3+x-2=2x-5
then slope = f'(x) =2

Option (a) is correct.

(1:3'1') Atx=3
B-N=f3)  _(Boh-3)+(3-\-2)
TP lim? f) L —B-A-3)+B-A-2)-1
A—0 —A - Y
=lim}\+1_;\_1=liml=0

A= 0 —A A0 —A
fA3+A) - f(3)

RHD = |
=
 (3+A=-3)+(3+A-2)-1
= |im
A—0 A
- lim 2t tA-1
A—0 A

LHD=#RHDatx=3
f(x) is not differentiable at x = 3

Option (c) is correct.
(iv) When 2 < x < 3, we have
f) =~(x-3) + (x-2) =1
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Option (c) is correct.

(v) We have the function f(x) = [x] £ x, where x is an integer.

Y

3

2 *—

[ —

X'€ O >X
a.-2.4 VY 2 3

-1

-2

-3
V,I_,n

It is not a continuous function, so the potter can not make a pot using the function f(x) = [x].

Option (d) is correct.

ASSERTION-REASON QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the jhllﬁwing choices.

(a) Both A and R are true and R is the correct explanation of A.
(b) Both A and R are true but R is not the correct explanation of A.
(c) Ais true but R is false.
(d) Ais false and R is also false.
1. Assertion (A): If f(x).g(x) is continuous at x = a. then f(x) and ¢(x) are separately continuous at x

= d.

Reason (R) : Any function f(x) is said to be continuous at x = g, if ;l?in*é flat+h)=f(a).

2. Assertion (A): If f(x) and g(x) are two continuous functions such that f(0) = 3, g(0) = 2, then
lim { f(x) +8(x)} = 5.

Reason (R) : If A(x) and g(x) are two continuous functions at x = a then
lim { f(x) + g(0) | = lim f(x) + lim g(x).
X—d X —i X—i
3. Assertion (A): |sinx]| is a continuous function.
Reason (R) : If f(x) and g(x) both are continuous functions, then gof(x) is also a continuous
function.
* . d’y
4. Assertion (A): If y=sinx, then o3 =-1atx=0.
e

d
Reason (R) : Ify=f(x).g(x), then % = f(x). %g(r) -I-g(x)d;if(x).

Answers
1. (d) 2. (a) 3. (a) 4. (b)
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HINTS/SOLUTIONS OF SELECTED MCQS

1. We have,
x—=1, if x<1

f@)z—”“41={_@_1xifx>1

Atx=1

LHL = Ain-éf(1-h.):flin;{(1mh)-1}:0

RHL= lim f(1+k) =lim - (1+h-1) =0
P —() 1—0

A)=1-1=0

. LHL=RHL=f(0) = f(x)is continuous every where.

Now, atx=1

—i — ; :i_ sy o
LHD =——(¥-1)=1; RHD=——{-(x-1)}=-1
LHD = RHD

. fix) is not differentiable of x = 1.
.. Option (¢) is correct.

3. flx)=|x]
Letce Z
LHL = lim f(x) = }m.r; f(c—h) = Ilm*[l} [c —h]

=c-1[ h>0=-h<0=c-h<c¢c and ce”Z]
RHL = lim f(x) =lim f(c+h)= ;hﬂé [c + h]

—_— h—10

=cl'v h>0=c+h>c¢c and cecZ]
As LHL # RHL forc e Z

- flx) is not continuous at and ¢ € Z and ¢ € Z is an orbitrary so f(x) is not continuous at all the
integers.

5 In the given option (d) is the correct option

4. f(x)= x—l[x]

cox—lx]=0 » xe”Z

f(x) is not defined » x & Z number of points of discontinuily is infinite.

.. Option (d) is correct.
1

6. Indeed lim S'Ln'? does not exist.
¥—0 »

.. Option (d) is correct.

7. We know that, f(x) = cot x is continuous in R—-{nn:n € Z}.

Since, f(x) =cotx = E?;i [since, sin x =0 at {nw, n € Z}]
Hence, f(x) = cot x is discontinuous on the set {x =nn:n € Z}.
.. Option (a) is correct.

8. f(x)=|sinx]|
As sin x is continuous everywhere so f(x) =|sinx| is continuous everywhere.

Andsinx=0forx=nn,neZzZ
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f(x) =|sinx| is not differentiable at x = nn: 1 € Z

. Option () is correct.

10. - f(x) = x*sin( ), where x £ 0; - lim f() = 0

Hence, value of the function f at x = 0, so that it is continuous at x =0 is 0.

.. Option (a) is correct.
i’
12 X) =
fx) —

A x) is discontinuous where 4x - x’ =0
le, x(4=x)=0ie,x2+0)2-x)=0 ie,Alx=0,-2,2
Hence f(x) is discontinuous at exactly three points.
.. Option (¢) is correct.
13.  f(x)=|x-3|cosx = g(x)h(x) where ¢(x)=|x-3] and h(x)=cosx
h(x) = cos x is diflerentiable everywhere
But ¢(x) = |x = 3| is differentiable everywhere except at x = 3.
S Ax) — g(x) h(x) is differentiable everywhere except at x — 3.
5. flx) = g(x) h(x) is differentiable at x € R —{3}.
. Option (D) is correct.

2e f
15. u=sin_](1 2)=2tan_]:r =% __J-

Fx dx - 1 -|-IE
2x 1
D= tan'l( 2)=2tan‘1x = 40 5 2 -
1-a", dx 1+ x*
o du _du/dx 2/1 +x* _
Cdo do/dx 271 + 42
. Option (d) is correct.
16. We have, y=logytanx
di
—‘iz 1 X L X sec?x
dx  Jtanx 2ytanx
- d_lfzseczx - dy :(\/-2_)2:2:1
dx 2tanx dxah-;% 2x]l 2

;. Option (b) is correct.
18. LHD (atx =0) # RHD (at x=0)
Also, LHD (at x = 2) # RHD (atx = 2)
Therefore, fix) = |x| +|x - 2| is not differentiable at x =0 and x = 2.
. Optlion (¢) is correct.

19. Since, the value of function f(x) =tan xis £oc Vx=(2n+1) %, ne’z.

T
Hence f(x) = tan x is discontinuous on the sel {x e 1)5; ne Z} .

. Option (d) is correct.

20. Lety=tanxandf=sinx
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dy , dt
= —=gec'xand —=cosx
ax dx

dy _dy/dx _ sec’x
At dt/dx  cosx

Now, derivative of tan x w.r.t. sinx = = sec’ x

.. Option (d) is correct.

I2+1
x) 2 2 X
5 . g( )= 3 _ x"+3 —}limg()—m

fa) ~ £-8  Bla-3  a—3ft)

g(x)

f(x)
! Option (d) is correct.

= Function 1s discontinuous at x = 3.

24. - lim f(x)exists = lim f(x)= lim f(x)

x—0 x— x—Q"
fm 70-1= im0+
im0 = im0

lim{|-Hhl+a} = lim cos|[h]
fr— U hh—U

b 0 1 U

a=cos0 = g=1
.. Option (a) is correct.
25. Since, O0<x<l1l=2-1=<x-1<0=[x-1]=-1
1=x<2=0=x-1<1=[x-1]=0
And 2=x<3=|x]=2

Therefore, given function may be written as
 —x, 0<«x«l
fxy=1 O, 1S x<2
1 2(x—1); 2= %<3

From the graph it is obvious that

Ax) is not continuous at x =1 and 2, and thus not differentiable

-'\.—I'.* L I Bl S R T i T T o B e R i e LR L e 8 e s el g F--u.“-* LTl vy v il e e - i —r il e e
| | | | 1 ] ]  EEE B i 1B 1B 1 i i 1
| |1 | | | | | =] 1 118 | | | | d |
1 el oy IS — . | + - - P " | S - I | H - e | — — j —
] | i [ H1H | & | PR {111 i | | | | | | |
W SR A SRR S B P S S T A 3 T e O O R N A PR SR L NSRS DR S [ T T SR I S 6 i 6 o P T S 6 P O O 6 1] SO R IR (PR | | S W0, T [
\ 3 ] ] e i | e i i I | ] TR | ] ] ] e i | ] | ] 1 ] ] ] ]
| I N E— e i TR e e . T o e et e a wl TR - ] R .
| | | Jee ) | 0 B ) I A (. i A S S I .| £ | |
I I | | B |
g S IIi.I'-'P - T o P LI =rr EiE f R s el werR L8 = L o s i sy
: . |
| 1 | | |
I ] i I I
| H |
i |
. e
-

1l i

i T 1811 | M1 i [ | | |
lil-ﬂllllllll‘-'ﬁl-lhll-lll il TR Rete TE BER. Rl o [ i .
1 I
o S I O SR W (| R S e B S (S S I
1 |

. Option (D) is correct.
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29. Given expression 1s

SR o & N &)

T S
x =gV = x=gV™*
Taking log on both sides, we have
log x=loge’"" => logx=y+x

Differentiating, w.r.t. x, we get

1 dy dy 1
—_— = —_——
X dx ! - dx X !
day 1-x
= dx  x
.. Option (c) is correct.
i I £ x40
32, f=1"x 7
0, if x =0

lim f(x) = lim sin (—) does not exist.
x—0 x—{ X

But value of sin (?) oscillates between — 1 and 1.

Option (d) is correct.

1
36 f(x)= —
1
As lim f(x) = lim does not exist.
x—1° yr—1 X—1

. f(x) has asymptotic discontinuity.
.. Option (d) is correct.

X
£

37. y= o is the curve which has vertical asymptotes at x = 0.

.. Option (b) is correct.

SIN X

EI

38. y=x+elsinx=x+

_ SIN X
lim ==
r—om

As -l=smx=1

. g % s Fpgpnae g

lim +e¢* =0

X —*e0

colim etsinxy =0

. By i
.. Line y = x is oblique asymptote to the given curve.

. Option (D) is correct.

1 1
; () = + xX= +—
41. f(x)=sec 2x + cosec 2x o o x
cos2x=0=2x=(2n+ 1)% = x=(2n+ 1)% wheren=0,%+1,+2,.....
. nm
And sin 2x = (0= 2x =n:rt=x=Twheren =0,+£1,+£2,+£3, ...
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None of the options (a), (b

. Option (d) is correct,

) and (c) are correct.

42. f(x) =x"
1 s 3 1"
e L0 LA D, SO
_ n nn-1) nn-1)(n-2) nn—1)...1
~1+Ef- A + 5 2 O + n

=1+1)"=2" |By using Binomial expansion]

Hence option (¢) is correct.

43. F(x) =

O e

F(x)=

&)
where f(x), g(x),

f(x)
£ (x)

f(x)

=04+0+0=0

g(x)
¢'(x) h(x)
g'(x) h(x)

¢ (x)

h(x)

=0=g¢"(x)=h" (x)
fix) g (:L) ' (x)
h'(x)
' (x) g "(x) I (x)

. Option (c) is correct.

fx)

45. Given that g(x) is the inverse of f(x)

g("r)

fC
fr) & (x) H )+ f ()

h(x) are polynomial of degree 2.

-+ (fog) (x =x=ﬂg (1)) =
. fg())g () =1
= gM=7F :
f(g )
We have f(x)=sin x so f'(¢(x)) = sin (g(x)
. 2 x)= sin(jg(x)) = cosec (¢ (x))
. Option (d) is correct.
47. f(x) =log y'tan x
f(x)= x/ﬁxzﬁ/;mxseczx =2t;ﬂx><sec2x
T
f (E) X1 <02 =
Option (D) is correct.
X’ sinx cosx
50. f(x)=|6 -1 0
p PP
3x% cosx —sinx| |x° sinx cosx| |x° sinx cosx
fftvy=| 6 -1 0 [+[0 0 0 |+H6 -1 0
poop° p p pt P 0 0 0
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o) ;
3x° cosx —sIinx

=16 -1 0 +0+0
poop P
3x> cosX -—sinx
= f'(x)=| 6 -1 0
poop P
6x —sinx —cosx 3% cosx —sin x 3x° cosx —sin x
= f'¥=|6 -1 0 [+f0 0 0 6 -1 0
poop P p P 0 0 0
bx —-sinx —-CosXx
=| 6 -1 0
p P p’
6 —COosX SInXx
Similarly, f"(x)=[6 -1 0
3
p o p P
6 -1 0
= f"0)=|6 -1 0]|=0
p p*p
.. Option (b) is correct.
| X ifx=0
52.  f(x)=xlx] ok i e}
Atx =0
x) = f(0 g
LHD = lim 42—/ ©@ _ =% -0
x—0" x—0 x— 0" X
= lim (—x)=0
x—=0
x)— (0 2 _
RHD = lim fa-0 lim T'IO = lim (v)=0
O g M-

LHD = RHD so f is differentiable at x = 0.
And f(x) is also differentiable at x # 0.

.'. Set of all points where given function f(x) is differentiable is R = (—oc, ).
Option (a) is correct.
54. flx) =x—|x| =g(x) + h(x)
where ¢(x) = x, h(x) =— | x|
As g(x) and 2(x) are both continuous V x € R
. f(x) is continuous V x € R
And g(x) is differentiable ¥V x € R
but /(x) is not differentiable at x = 0
S H(x) = ¢(x) + h(x) is not differentiable at x =0
.. Option (D) is correct.
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b

Xty
1-xy,

56. We have, f( =fx)+ fly) Vx,ye R

!

xX+1
Since it is of the form tan™! ( 1 {L ) = tan " x + tan_ly

Let flx)=Atan ' x

i f(x) i Atan 'y 1
1 = =~ 11 = T
x—10 X xr—0 X 3
5 1 1

1

s flx) = %tan_ 4

Lo oo 1 m™ =
=f)= gtan” ()=3* 7=75

. Option () is correct.
57. LHL = lim f(x)= lim (1-3x)=1

x—0" x—0"
RHL = lim f(x)= lim(x*+3)=3
P ¥y—0"

f0) = 3, LHL = RHL = f(0)
Here lim f(x)= f(0)

x—0'

= f(x) is right continuous but discontinuous from left.
.. Option (c) is correct.
58. A

It is clear from graph that f(x) is continuous everywhere in 0 < x < 2n. And has sharp edge at x =
0, @, 21 so it is not differentiable at x = 0, &, 2=.

Because i1t has no Lquue tangents.

- Option (b) is correct.

1 1
T X l+tanx [¥
59. Imm f(x)=lim [tan(— + ’f)] = lim T
:-:—+l.']f( ) x—0 4 v —0 1 —-tanx
1 tan v 1 tany
= lim[(1 + tanx) @~ | ¥ xlim|(1-tanx) Tnx| ¥

¥—=1 Y —1{)

1
—exe=¢’ ['.'lim[l-l-x]?: ]
x—10

- f(x) is continuous at x =0.

. lim f(x)= f(0)

x— )

— =k — k= ¢?
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5. Option (¢) is correct.

62. f(x)= 2 3+ x5
Domain of f = [0, =)
So, LHD at x = 0 does nol exists.

. Option () is correct.

1
63. )=
(%) log | x |
f(x) is not defined for x =0, -1, 1

. f{x) is not continuous at x =0, -1, 1

.. Option (b) is correct.

sindn [1*x]
7 +x]°

64. We have f(x)=

We know that [r%x] is an inte ger for every x.

-, 4n[n*x] is an integral multiple of n.

sosindn[n’x]=0and 7 + [x]P# 0 V x

S Ax)=0V x

= f(x) is a constant function so £ (x), f’(x), f”(x), ....f "(x) exists V x.
. Option (c) is correct.

1+x°
x|<1andso sin”? 2y / isdefined only for |x|< 1.

66. We know that domain of sin”'x is

Hence, f(x) is neither continuous nor differentiable at x =1
.. Option (c) is correct.
68. y = |log [x||

\
v’

From the graph, f(x) is continuous in its domain but LHD at x =1 is negative.

RHD at x =1 is positive (as shown from the graph)

as LHDatx=1#RHDatx =1

5. f(x) is not differentiable at x = 1.

Also LHD at x = -1 is negative (as shown from the graph) and RHD at x =-1 is positive.

. fx) is nol dillerenliable al x =—1.

- Oplion (a) is correct.
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v
69. I(o .
1(0, 1)
Ol
Az
Given g(x)=- Ej’r e
| e, =0
o 2> x<0
g0 = 1— D, @D
s LHD atx =0, ¢(0) =26 %" = 26" =2
RHD atx=0,¢(0)==-2"==-2x1==2
As LHD #RHD atx =0
. g(x) is not ditferentiable at x = 0.
Again RHL = lim ¢(x)= lim e =¢"=1
x—0" x—0"
LHL = lim ¢(x)= lim e®=¢"=1
x — 0" x -0
g0)=¢"=1

As LHL = RHL = f0)

- g(x) is continuous V xe IR
. Option (c) is correct.
-1 e

7. f(x)=y a, y=2

L atl; X352

RIL = lim f(x)= lim (x+1)=3

s o e o
LHL = lim f(x) = lim(2x -1)=4-1=3
x—2 x—2

" Since fis continuous at x = 2 so LHL = RHL = f(2)
= 3=a=>a=3
. Option (a) is correct.

1

73. f(x)= e1¥ = ;7 is continuous everywhere but not differentiable at x =0
B

. Option (a) is correct.
74. x7=¢*7Y
Taking logarithm on both sides, we get
ylogx =(x-y)loge=x-y
X
1 +log x

= (l+tlogx)y=x=y=
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1
dy (1+1ogx)x1—x(0+;) 1+Imgx—1 logx

dx (1+log x)* ) (1+log x)* . (1+log x)*

. Option (a) is correct.

75. ¥ =y = ylogx=xlogy

%'1'1{}517%:;7%"'108},{
y [ dx X X
_y _xlogy-y y _y xlogy-y

dr  ylogx—-x"x x ylogx—x
. Option (D) is correct.

76. Let y=\/5in X +4/sin x+4/sin x+ ...

=y = \/Sin x+y should be out of square root
=:>yz=sinx+y:‘.>yz—y=sinx

Ditferentiate with respect to x, we get

dy dy _
ngx Tdx O
dy dy  cosx
=>(2y~1)dx =COsXx = A ,/2};—1
5. Option (b) is correct.

x log x

80. y=x"=¢e

Ay oo 1
E:E’I ]*’l(xx;+lﬂgx)

=108 Y (1 + log x)
d*1

i—j_j= ¥198 () + (1 + log x)¢" %8 (1 +log x)
(ax g

X

=XT+ (1+log x)*¢*log x
1
= x*" 1+ (1 +1log x)*x* = xI{(l +log x)? +?}

5. Option (b) is correct.

dx

5

1. =4 = — =/

81. x=at ey 2at
= 2at ‘dy—Z
y-— (1 —H’df—‘ (1

Ay

dy g _2a _1

dx dx 2at ¢

dt
Py 1 odt 1 1 1
ot iy = _ —x - —
dx’ 2 dx > 2at 2at
! Option (a) is correct.
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